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In this question you must show detailed reasoning.

Use Fermat’s Little Theorem to determine the least positive residue of

21* (mod 23)
@)

Recoll Femats Little Theoren.
et is -r-\e, and « s on \\Mz:fr nob  divisible b:) /)
=1 (mok P)
21*7 = | (mok 1) (0)
Siace 0= LLx3 4\,
2% = (,2_‘).1)3 % ,u"r @
@1 =12 =) (moand)

i\

Now cCompte 2| mod 23 ko calcolsbe 2l o3,
21 = -2 (moA23)

- Uz ()Y (mod 23)

(Y = A% =W
L7 =128 T 13 ok 22) as 128 25 = S.1
D> =169 = B (mok 23) 0 as [69+23=F 2

So  2¥ = I(mok 23)
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2. Determine a closed form for the recurrence system

=4 u,=6
u, , =6u, , —, (n=123,..)
r> ~ ! 5)

Solve bhe .‘\em;\lw:3 Eqation.
r* = 6r — 14

D T -6br +4 =0

5 (F-)* =0 D r=2 0

As we hwe o vepeubed ook, e huve
Wh=(A+B) 23" O

Sub  n aibial eondibions b0 Muke o pir
OIL Smol kaneous.

U=k > 4= (AxR)3
UV2=6 = 6= (Ax28)1 @

= Lb-—"BA' 1—%@ A’-‘-Z QS 'S
6= 9A <188 B=-2/3 J

Hence, Un= (7_-7_-3/\\)3" ®
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3. In this question you must show all stages of your working.
Solutions relying on 'y are not

(a) Use the Euclidean Algorithm to determine the highest common factor /4 of
234 and 96
3)

(b) Hence determine integers a and b such that

234a+96b=h
3)

(c) Solve the congruence equation

96x = 36 (mod 234)
®)

o) 13:;_—-\7_(516\ + Lun O
96 = L (v2) + 1
L = 30 + ¢
2 = 2(6) T o0
Hence, bhe liauest common fuckor is 6.0
b) We wll sgb in vulves we hak before
6= ur-30) @
WL —3(16 ~2(u9)
~3q5) +F(w2)
-3(46) + 2(235 —2(46)) O
=Z (1) —17(%)
5 o=7, b=-17 0

W

1l

U‘
o &
z s
3
s F
& 2
Z 2
m L
- ok
Z &
5
x
e
= g
C
2
o
o
2
L
8
I
s f
5 oz
TIL
Z: k
- &
I 3
w. Ok
e e
z 2
= §
[
o &
Z «
=
2 oz
B &
Z =
4
z
-
;Z
c
-
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Question 3 continued

Q) 9bx = 236 (mok 23L)
as g (46, 234) =6

_qze_’)cz 3_65_ (Mo:l %\)

S 1bx = b (mod 3‘1) ®
We neeh €o fink 167" mod 39
163 = | (mok 39)
Using e Exbended  Eucldean Algorithom,
9= 2(16) +F
16 = 2(7) +»
F = 3()+ )
2= 2()) Yo
and wkf:j beckumals,
7 - 3(2)
7 - 3(16-2()
F(N-306) O

Snce 7= 34-2(16),

!

N
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Question 3 continued

V= (34— 2(16))7 — 3(ie)
= F(3a)-\u(16) -3(1¢)
= 7(349) -17(16)
So 16 = —IF = 22 (mod 34) ()
Solve for >
x = 6(22) (mok 39)
S 2 = 1%L [mod 34)
122 £249= 3015 O
15 (mock 34) @

So oC

vs o solubion,
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4.
4 2 0
A=12 p -2| wherepisaconstant g S
02 2 = i
1
2 :Ev F
Given that [—l] is an eigenvector of A, 3 E
2 ?‘ g
(a) determine the ei lue corresponding to this ei tor. é E
@) A
m C
(b) Hence show that p =3 > [
[¢)]
(c) Determine
(i) the remaining eigenvalues of A,
(ii) corresponding eigenvectors for these eigenvalues.
© s
(d) Hence determine a matrix P and a diagonal matrix D such that A = PDP" § E
&) 3
X X
o)/ 2 2 6 2\ ® Gl
¥
(1 P —‘ ( ): _p):}-‘l) § g
o -2 2N/ |6 2 =
)
4 C
S 6=2A = =3P R
b) bcj Pc.re *,
_.P-;~} = -2 5 Pzg ® o
: ¢
c) Recall that deb( A- %I_') -0 3 :
=
L-x 2 o ; ;
2 3N -2 [=(u-=)]3 Y I =0 | 2 3
o -2 2-\ —’7- 2—% o 1—>~ ® - E
> z
=
2 (W N[(>-a-DN-bT =2 (2(2-») = O 2 ¢
\ J
12
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Question 4 continued
; = - » - Q) ~ -
£ D (u-N) (2= +x) ~2(b-2%) =0
: E SR -2w0A«LAZ 22+ 5x22_A3 - + L\ =0
: g D N3 ~4AT £ 18\ =0
4
8 | = a_ -
| D N[ AT-x +1R) =o
=) R(R—'})(R-Q\ =0 = A=0, 3 or 6,
So buwe reM«InJit} 9736\\"»\085 ave 0 onk 6 ©
5 |w) A=o:
e g
¢ = b 2 0\ [x o
E z 2L -1y l=[o
;. E 0O 2 2)\Z °
1
. 8 e +2Ly =0 5 — —2x
’O 2 ©
- 3+7_2=° S 2= -2x
SO an euesveckor TS ("‘ for' A=0
2
 § =)0
, &
i 2| 2=0
. -L 2L 6 x o
= £l [ 2 -3 2l[y]=]o0
5 0O -2 -~ Z o
1
% =2 aylu=o = X =y
2 W= D maTlx

\ J
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Question 4 continued

So ( ?..) 'S W\e?beav:d:or when X =€
=10

c}\) D: g E’; g e e‘-aenv,\oes on c)::uJo.\ulj
o 0 ¢)0

P=_1
N
And W= V)

)= Jk+et =3 0®

p-_L(-. 2. z)(D
2 P R A
L A

(_| N ,\_f'-,') where i ave oiqenvestors
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5. (i) Acircle C in the complex plane is defined by the locus of points satisfying

|z-3i| =2

(a) Determine a Cartesian equation for C, giving your answer in simplest form.

(b) On an Argand diagram, shade the region defined by

{zeC:‘273i‘>2‘z|}

(ii) The transformation 7 from the z-plane to the w-plane is given by

_3
w=z
(a) Describe the geometric effect of 7.
The region R in the z-plane is given by
{zeC:O<mgz<%}

(b) On a different Argand diagram, sketch the image of R under 7.

) Leb 2= xaiy
l>o+;3~‘5;|= 2\-&-»;3\ ®

2 [ rily D) = 21w vig)

e CoE v I N

2t a (3-3)" = Lx? L»\az

H x* 3‘-63-»‘!"- Lo + hrn"

> 3x"+337~+63 -9=0

5 X!+ az +23,3-_—o ®

@)

2)

2)

2)

loc + Ia\: A x‘a\‘)’-
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Question 5 continued
g g h) Compleb& Ehe Sctuu"c o fiad bthe yvadios.
> v
g E 'X:L"f(\s-i-\)']‘ -1-2 =0
=z
1 |EE =Rt
: 5
. = wWhidh is o circle cenbred ot [0,-1)) witk o
A radivoy oL L
Im
1 Re
s E
1 £ ®
s B
g =0
. =
o 2
2 g |l\ q) Apo'\ne 2 Y /"\D\Pr).ed ‘,o . Po‘mt w\’t\\
bhree Limes bhe argueMet @ anh
the Modules  is  bhe Modolus of
2 Cubed ()
;5 b) % The arquement s
z 2 3% &, Y ank Eue
= Modolos is sk
= B Q feskrickel |, so is ko
; § ® ?A}:«.‘ea.
O
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6. In this question you must show all stages of your working.
Solutions relying entirely on y are not P
1= J'—°°?(”X) dx n>1
sinx

(a) Show that, for n > 1

_ 2cos(n + )x N

Lz 1,
n+l
(6)
(b) Hence determine the exact value of
J 3 cof(Sx) dx
x sinx
q
giving the answer in the form @ + blnc where a, b and ¢ are rational numbers to
be found.
®)
o) Ta= cos(n®) o
SiAX
D Tan = I Cos (nx+2x)  dac @
Sinx

FY'DM k.\\e/ Rr/vwlu- Bmkleé, we, kl\OvJ E\/\&e
(,os(A +f_’>\ =cosPcos B — ¢irAginb,
D Tar = [Cosfndicashin) = Sin(adsin(ax) dx (D

Sin Double. GIUE. roles
74
= I/\ﬂ_ = ICQS‘AX«“ |‘S;I\L’X-—" ;&‘.agosxs?z\lnw-[ Jx, ®
Sinxe

D Tan = Iﬁif—é)." 'J Coy(n)g1nlx = D8 Cosae sinfax) dhx

Sin 20 Sinx
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Question 6 continued
= Tan = Ln=2 f cos(ax) sinb) = cosx sinl) de ©
Fer the formol Bookleb , we Brow  bhut
Sn(ArB) = sin(A)cos(B) + 5in(B)cos(a)
5 Tan =T - L s ((an)x) e (1)
D Targ = Ta — 2[-Cosfnxr J

N\

D Tar = Ind Lco.s((/\-n]x) @

N\

b) The Abveséron asks  for Ts, So we sburk
T, and work  our  Jay there.

YN
—I‘ = L‘K/J Cosx ol;(, = /s Ccok Clx@ Roles 5}-

/L‘_ Sinx / /'OBS
NE 3 3
= Elf\Q\l\lﬂ]g/“ . l/\ 23_ _\,\ 2 "l/\ 553_\; ‘3_‘(\—7_'

T~= Cos(x) + T,

Q

Ts= (Coslx) + Tz

- ©
K)3
= I1g= [:cosé_x) os(‘m] + L)_ \r\%‘_
K/
—[ '_ —0o 40 ] + L n3
2 2 2.

= ‘il\n—i_ -%" (D

J

21
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7. The set of matrices G = {I, A, B, C, D, E} where
{1 0) [0 1] (l l] [l 1] (1 0) (0 l)
1= A= B= C= D= E-=
01 10 10 01 11 11
with the operation @, of matrix multiplication with entries 1 d modulo 2, forms
a group.
(a) Show that B is an element of order 3 in G.
@)
(b) Determine the orders of the other elements of G.
3)
(c) Give areason why G is not isomorphic to
(i) acyclic group of order 6
(ii) the group of symmetries of a regular hexagon.
@)
The group H of permutations of the numbers 1, 2 and 3 contains the following elements,
denoted in two-line notation,
[123) [123) (123]
e= a= b=
123 231 312
123 123 123
“:(1 3 2) d:(z 1 3) f:[s 2 1)
(d) Determine an isomorphism between the groups G and H.
(©)]
Ck) BG=(1
| o
-ae”‘z(l 1)/ 1):(01
'\ O | O [
7 e
5 K= () 13(01 :(IO =T
( v ol 0 ®
heate, Bhes order 3. ()
\ J
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Question 7 continued

5) T ho order |
E=0B" s has ovder 3 @

A’Lz(o \\(o \\:0 o
\ o y © o\
w> Wwe Gre wnrk\‘aa

So A hw order L l/ With  modulo L.

C= NN =(83) =T

So C \nws order L
D =¢ ,%0 D hus  ordes 2. Q)
q 1) Twere s no elemat o}, order 6, @

W) There are VL g mmMebries of o~ regolus
‘) hexa or\cf J ’, U\, @

& Fak bhe  order op ol the elements 1 H.

e ‘/\us order ) bocuute b s Ehe ;Jenh{k\)
PGPM\JEC«(:.TO'\

c}n&e,&j’ktwe, arder 2 becuose &\AOJ Swup Ewp

ele

b ank & e order 2w tb\e\’j heve
biavee Cséo\e permubstions,

We Cun mubdh gl oL the eclements

0\, H with  oan  cleme o} C.

J
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Question 7 continued

|l T A&
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8.
bell section ¥y
peneed o 2
o c
2 <
9 L S s
y=e
2 3 :
5 2
2 = ;
"
5o
; 2
C
2 C
Figure 1 Figure 2
Figure 1 shows a French horn with a detachable bell section.
The shape of the bell section can be modelled by rotating an exponential curve through
360° about the x-axis, where units are centimetres.
The model uses the curve shown in Figure 2, with equation 8 .
=z e
<
9 L 9 g
y==¢ 0<x<9 = 3
2 R 2
=l .
X u
(a) Show that, according to this model, the external surface area of the bell section is Z E
given by ;:' 2
@ ¥
? 1 2 ; -
KI 5 5 2 Z
)¢ 4+e% dx > :
where K is a real constant to be determined.
3)
1
(b) Use the substitution u = e“‘ to show that
9
1 2 b 3 b Qo :
Vaer dr=o| AL g +1sf LI 2
N ,,\/4uI+z/4 aNa+u’ 3 y
s
where @ and b are constants to be determined. r:n' 5
) 2 ¥
= g
= 2
Hence, using algebraic integration, T 7
ol <
(c) determine, according to the model, the external surface area of the bell section of the ; z
horn, giving your answer to 3 significant figures. 3 E
)
\ J
28
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Question 8 continued
] E KCCM“ ﬁ\«e_ /"‘\Ilu
1= -
18- 5/*‘—11\]3\*(51;" dx
F & e
3 = x x
;. 2 _a, 9 = 7
. E = e D Z‘_ 9
= E % = ‘%{, Ze
. 8 v 2
= = Jea
(%)= =¥ @
Sh= 2x (Y 4 F (o © = g
. 3 o Ze | Vet =
= £
e E| D 5%A= ‘Ef e Mfise™ A @
; B & =
5| b) Lok v=e™ 5 Se=Yeh 2 dus 4 Hidy
S o
S | Chinge bhe bimibs
tWhea =0, V=|, When x =9, VU=e @
So we have
5
3 f&\) (x+?)"= - Qo v
s I J
 §|—— L[
i £
E g = 19 ! L\.‘\'Ul cl,\z
Turu)h

J

- | I 0 0 00 0
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Question 8 continued
= 9 r 220 4+ 2 dv O
S P L (W R
N
[

= qr 204 03 J\,,‘\%f

) (\-& N‘L\ )

[
= PIVERL) )
q J’ 20503 ok g ’\QW,L do ()

v [woraoy

(& @I\E;l\ ~ wrt b, Ehen ’b\‘ ! b

= _q-r ﬁidw\%fﬁ

\

L i (hortaok)'r (g+02)"™>
Reverse —  ~p N e
Chun = i[l(hol-\-\)q\'lle i+ \%Ers'm\-\ (%\1 0

L ©

Ruve
- i El(ue,"- +e'*\"’- - l(ﬁ)‘ﬂ-\-\‘l&,rs:a\\(%\ ""ﬁ:n\‘\("i)]
ke 0]

= L2 .60%4.
SA= 9K x 42.6084= 602em?t. @
2
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